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FIG. 1: Dependence of the concurrence C on time t for the
map (1) at K = 0:5; L = 4 and n
q
= 8; 12; 16 (curves from top
to bottom respectively). Smooth curves show the t C(t) =
A exp( t) +

C of the relaxation to the asymptotic value

C
obtained on a large time interval (t  10
4
). Inset shows C(t)
on large time scale. The initial state is (j00i + j11i)ji=
p
2
where ji is the uniform superposition of all but the two most
signicant qubits. Here and below the logarithms are decimal.
dynamics depends only on one parameter K. Due to the
discontinuity in , the Kolmogorov-Arnold-Moser (KAM)
theorem cannot be applied to the map (2) and its dynam-
ics becomes chaotic and diusive for arbitrarily small val-
ues of the chaos parameter K > 0 [18]. For K  1 the
diusion is governed by a nontrivial cantori regime which










smaller than the quasi-linear diusion rate correspond-







(the latter becomes valid only at K  1). The diusion





To investigate the behavior of the concurrence in the
quantum map (1) we compute C for the two most signif-
icant qubits which determine the rst two binary digits
a
1;2
in the expansion of momentum n: the reduced den-
sity matrix  for this qubit pair is obtained by tracing out
all other n
q
  2 less signicant qubits (the digits a
i
with
3  i  n
q












After that C is computed from  as described in [3]. In
this way we obtain the concurrence value C on a global
scale of the whole system which is decomposed into 4
equal parts with N=4 quantum states in each of them.
In addition we x T = 2L=N in the regime of quantum
resonance so that L gives the integer number of classical
phase space cells embedded in the quantum torus of size
N [11, 16] (the classical dynamics is periodic in n with
period 2=T ). In the following we also take L to be a
multiple of 4 to have an integer number of classical cells
in the 4 parts of the partition in the momentum n.
Typical examples of the dependence of C on the num-


















FIG. 2: Dependence of the rescaled rate of the concurrence
decay ~ = 2L
2
on the chaos parameter K for n
q
= 19; L = 16
(triangles down); n
q
= 18; L = 8 (circles) and n
q
= 17; L = 4
(triangles up). The solid curve gives the values of the dif-
fusion rate D
0
(K) taken from Figs.2,3 of [18] showing that
 is determined by the classical relaxation rate (3). Inset








to these data C(t) decays exponentially down to a resid-
ual value

C and, in the limit of large N , the decay rate
 becomes independent of N . It is natural to compare
this rate with the rate of classical relaxation. Indeed, due
















n=2 which gives the relaxation












The comparison between this classical value 
c
and the
rate of concurrence decay  is given in Fig.2. It clearly
shows that the decay rate of C(t) is given by the classical
rate:  = 
c
. It is important to stress that this relation
remains valid also in the nontrivial cantori regime (K 
1) and that the quantum decay reproduces all oscillations
of the classical diusion (see inset in Fig.2).
The properties of the residual value of the concurrence

C are analyzed in Fig.3. For that we express

C vs. the







up to a constant factor,  = 1=N is the level spacing
and 2
c
is the Thouless energy (see a recent review [19]).
In spite of strong uctuations the data presented in Fig.3







N . Indeed, for K = 0:5; L = 4 the system
size varies by 3 orders of magnitude and the t gives an
algebraic decay with power  = 0:56  0:02 being close
to 1=2. We attribute the presence of strong uctuations
to the fact that the value

C is averaged only over time
but there is no averaging over parameters. Thus, from










FIG. 3: Dependence of the residual value of the concurrence






range of parameters: half lled circles show dependence on
L = 4; 8; 12; 16; 20 for K = 0:5 and n
q
= 14; 15; 16; diamonds
and triangles show the variation with K for n
q
= 14; L =
16; n
q
= 15; L = 8 and n
q
= 16; L = 4. The lled circles
connected by the dashed curve show the dependence on N
for K = 0:5; L = 4. The solid line marks the slope 1=
p
g.
only one value for one realization of disorder.
We propose the following explanation of the results
presented in Figs.1-3. For a state j i like in Fig.1, we

















= 0 or 1.
Then the value of the concurrence C is proportional to


























From this relation and the fact that the initial state is
symmetrically distributed with respect to the transfor-



















). In the clas-
sical limit this probability dierence relaxes to zero with
the classical relaxation rate 
c
, and that's why  = 
c
in
agreement with the data of Fig.2.
The residual value

C is determined by the quantum
uctuations of the previous dierence of scalar products.
In fact, due to the discretization of map (1), the symme-
try n! N n is broken and j
00
i becomes dierent from
j
11










(each term is of the order of 1=N ). In this estimate we
assumed a summation over all N wave function compo-
nents. However for nite values of the conductance g
only the states inside the Thouless energy interval 2
c
have a signicant scalar overlap [19, 20], and thus we can
make a conjecture that N should be replaced by the ef-










ment with the data of Fig.3.










FIG. 4: Eects of decoherence on the residual concurrence:
the two lower curves show the dependence C(t) for an ideal
algorithm (top) and an algorithm with noisy gates at noise
amplitude  = 0:003 (bottom). In the latter case the average
is done over 20 noise realizations. The curve in the upper
part shows the ratio of C(t) at  = 0:003 to its value in an
ideal algorithm, this ratio is averaged over a 100-kick moving
window to reduce uctuations. The dashed straight line shows





= 12; K = 0:5; L = 4.
an ideal quantum algorithm reects the fact that the
global behavior of the whole system remains coherent. In
fact, the Poincare theorem guarantees that for very large
times the concurrence will have a revival close to the ini-
tial value (however, this will happen on an exponentially
large time scale). The situation becomes qualitatively
dierent in presence of external decoherence represented
by noisy gates. In our numerical simulations, noisy gates
are modeled by unitary rotations by an angle randomly
uctuating in the interval ( =2; =2) around the perfect
rotation angle. The presence of this external decoherence
leads to a decrease of the residual value of C as illustrated




In order to obtain the dependence of   on the parame-
ters we extracted it from the t of the averaged ratio of C
under a noisy evolution to its value in the ideal one. An
example of such ratio and the corresponding t is shown
in Fig.4. To suppress uctuations we averaged over 20
realizations of the noisy evolution. Moreover, the t was
restricted to the plateau regime, where the exact concur-
rence is uctuating around its residual value (the initial
diusive relaxation was excluded from the t).
The results for   obtained in this way are presented
in Fig.5. Quite naturally we nd that   / 
2
, as it
was also seen in other simulations of quantum algorithms
with noisy gates (e.g. [21]).This scaling becomes better
and better for large  values where   is larger. How-
ever, more surprisingly there is an exponential growth of













FIG. 5: Dependence of the decoherence induced decay rate
  of the residual concurrence on 
2
p
N for K = 0:5, L =
4. Here the noise amplitude  changes from 0:001 to 0:01
(10 equidistant values) for 7  n
q
 15. The data points
(circles) are connected by lines for xed values of . The
color intensity changes gradually from one chain to another
to mark the variation of  (low/high intensity corresponds to
small/large values of ). The straight line shows the averaged




is very dierent from those obtained in [11, 21], where
the time scale for delity and the decoherence rate for
tunneling oscillations varied polynomially with n
q
. We
see two possible reasons for the exponential sensitivity of
the residual concurrence to decoherence. At rst, in our
case   is computed over a very large time interval, for
which the quantum dynamics already reached its asymp-
totic behavior (plateau for the residual concurrence); it
is known that on very large times the eigenstates are ex-
ponentially sensitive to imperfections due to the chaotic
structure of the wave functions (see results and discus-
sions in [22]). Another possible reason can be related to
the fact that the residual value of the concurrence on the
plateau is on its own exponentially small and maybe this
is the reason why it becomes so sensitive to decoherence.
Further investigation on the decoherence eects for the
concurrence are required to understand in a better way
this exponential sensitivity of C.
In summary, our studies show that the decay of the
concurrence in an operating quantum computer is deter-
mined by the underlying relaxation rate of the classical
dynamics. We show that the residual level of entangle-
ment in an ideal algorithm scales as the inverse square
root of the conductance of the system. This residual en-
tanglement is destroyed by decoherence, whose eective
rate grows exponentially with the number of qubits.
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